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Abstract The objective of this research is the numerical

estimation of the roots of a complete 2 9 2 nonlinear

algebraic system of polynomial equations using a feed

forward back-propagation neural network. The main

advantage of this approach is the simple solution of the

system, by building a structure—including product units—

that simulates exactly the nonlinear system under consid-

eration and find its roots via the classical back-propagation

approach. Examples of systems with four or multiple roots

were used, in order to test the speed of convergence and the

accuracy of the training algorithm. Experimental results

produced by the network were compared with their theo-

retical values.

Keywords Nonlinear algebraic systems �
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1 Introduction

A typical nonlinear algebraic system is generally defined

as F(z) = 0 where F is a function Rn ! Rn ðn [ 1Þ
described by an n-dimensional vector in the form

F ¼ ½f1; f2; . . .; fn�T ð1Þ

with fi : Rn ! R ði ¼ 1; 2; . . .; nÞ. It should be noted, that in

general, there are no good methods for solving such a

system: in the simple case of only two equations in the

form f1ðz1; z2Þ ¼ 0 and f2ðz1; z2Þ ¼ 0, the estimation of the

system roots is reduced to the identification of the common

points of the zero contours of the functions f1ðz1; z2Þ and

f2ðz1; z2Þ. But this is a very difficult task, since in general

these two functions have no relation to each other at all. In

the general case of N nonlinear equations, solving the

system requires the identification of points that are mutu-

ally common to N unrelated zero-contour hypersurfaces

each of dimension N - 1 [1].

2 Review of previous work

The solution of nonlinear algebraic systems is generally

possible by using not analytical, but numerical algorithms.

Besides the well-known fixed-point-based methods, (quasi)-

Newton and gradient descent methods, a well-known class of

such algorithms is the ABS algorithms; these algorithms

introduced in 1984 by Abaffy et al. [2] to solve linear sys-

tems, but they also used with success to least squares

methods and to nonlinear equations and system of equations

[3]. The basic function of the initial ABS algorithms is to

solve a determined or under-determined n 9 m linear sys-

tem Az ¼ b z 2 Rn; b 2 Rm; m� nð Þ where rank(A) is arbi-

trary and AT ¼ ða1; a2; . . .; amÞ, with the system solution to

be estimated as follows: [4]

1. Give z1 [ Rn arbitrary, H1 [ Rn9n nonsingular arbi-

trary, and ui [ Rm arbitrary and nonzero. Set i = 1.

2. Compute the residual ri ¼ Azi � b. If ri = 0, stop

(zi solves the system), otherwise compute si ¼ HiA
T ui.

If si = 0, then, go to 3. If si = 0 and s ¼ uT
i ri ¼ 0,
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then set ziþ1 ¼ zi; Hiþ1 ¼ Hi and go to 6. Otherwise,

stop, since the system has no solution.

3. Compute the search vector pi ¼ HT
i xi where xi [ Rn is

arbitrary save for the condition uT
i AHixi 6¼ 0.

4. Update the estimate of the solution by ziþ1 ¼ zi � aipi

and ai ¼ uT
i ri=uT

i Api.

5. Update the matrix Hi by using the equation

Hiþ1 ¼ Hi �
HiA

T uiW
T
i Hi

wT
i HiAT ui

where wi [ Rn is arbitrary save for the mathematical con-

dition wT
i HiA

T ui 6¼ 0.

6. If i = m, stop (zm?1 solves the system). Otherwise,

give ui?1 [ Rn arbitrary, linearly independent from

u1; u1; . . .; ui. Increment i by one and go to 2.

In the above description, the matrices Hi, which are

generalizations of the projection matrices, are known as

Abaffians. The choice of those matrices as well as the

quantities ui; xi and wi, determine particular subclasses of

the ABS algorithms. The most important of them are the

following:

• The conjugate direction subclass; this subclass is

obtained by setting ui ¼ pi. It is well defined under

the sufficient but not necessary condition that matrix

A is symmetric and positive definite. Older versions of

the Cholesky, Hestenes-Stiefel and Lanczos algorithms

belong to this subclass.

• The orthogonality scaled subclass obtained by setting

ui ¼ Api. It is well defined if matrix A has full column

rank and remains well defined even if m [ n. It

contains the ABS formulation of the QR algorithm,

the GMRES and the conjugate residual algorithm.

• The optimally stable subclass obtained by making the

assignment ui ¼ A�1ð ÞT pi. The search vectors in this

class are orthogonal. If z1 = 0, then, the vector zi?1 is

the vector of least Euclidean norm over the space

defined as Spanðp1; p2; . . .; piÞ, and the solution is

approached monotonically from bellow in the Euclid-

ean norm. The methods of Gram-Schmidt and of Craig

belong to this subclass.

The extension of the ABS methods for solving nonlinear

algebraic systems is straightforward and there are many of

them [5, 6]. The kth iteration of a typical nonlinear ABS

algorithm includes the following steps:

1. Set y1 ¼ zk and H1 ¼ En where En is the n 9 n unitary

matrix.

2. Perform steps 3 to 6 for all i ¼ 1; 2; . . .; n.

3. Set pi ¼ HT
i xi.

4. Set ui ¼
Pi

j¼1 sjiyj such that sji [ 0 and
Pi

j¼1 sji ¼ 1.

5. Set yiþ1 ¼ yi � uT
i FðyiÞpi

uT
i AðuiÞpi

.

6. Set Hiþ1 ¼ Hi � HiA
T uiW

T
i Hi

wT
i HiAT ui

.

7. Set xkþ1 ¼ ynþ1.

A particular ABS method is defined by the arbitrary

vectors of parameters

V ¼ ½u1; u2; . . .; un�
W ¼ ½w1;w2; . . .;wn�
X ¼ ½x1; x2; . . .; xn�

as well as the single parameter sij. These parameters are

subjected to the conditions

uT
i AðuiÞpi 6¼ 0

and

wT
i HiAðuiÞui 6¼ 0 ði ¼ 1; 2; . . .; nÞ

It can be proven, that under appropriate conditions, the

ABS methods are locally convergent with a speed of

Q-order two, while the computational cost of one iteration

is O n3ð Þ flops plus one function and one Jacobian matrix

evaluation. To save the cost of Jacobian matrix evaluations,

Huang introduced quasi-Newton-based ABS methods

known as row update methods. In these methods, the

Jacobian matrix of the nonlinear system, AðzÞ ¼ F0ðzÞ is

not fixed, but its rows are updated at each iteration, having

the form

Ak ¼ aðkÞ1 ; aðkÞ2 ; . . .; aðkÞn

h iT

; aðkÞj 2 Rn
� �

Based on this formalism, the kth iteration of the Huang row

update ABS method is performed as follows:

1. Set y
ðkÞ
1 ¼ zk and H1 ¼ En.

2. Perform steps 3 to 7 for all i ¼ 1; 2; . . .; n.

3. If k = 1 go to step 5; else set si ¼ y
ðkÞ
i � y

ðk�1Þ
i and

gi ¼ f y
ðkÞ
i

� �
� fi y

ðk�1Þ
i

� �
.

4. If si = 0, set aðkÞi ¼ aðk�1Þ
i þ gi�aðk�1ÞT

i si½ �si

sIiT si
; else set

aðkÞi ¼ aðk�1Þ
i .

5. Set pi ¼ HT
i xi.

6. Set y
ðkÞ
iþ1 ¼ y

ðkÞ
i �

fi y
ðkÞ
ið Þpi

pT
i aðkÞi

.

7. Set Hiþ1 ¼ Hi � Hia
ðkÞ
i wT

i Hi

wT
i Hia

ðkÞ
i

.

8. Set xkþ1 ¼ y
ðkÞ
kþ1.

Since the row update method does not require the a-priori

computation of the Jacobian matrix, its computational cost

is O n3ð Þ; however, an extra memory space is required for

the n 9 n matrix y
ðk�1Þ
1 ; y

ðk�1Þ
2 ; . . .; y

ðk�1Þ
n

h i
.

Galantai and Jeney [7] have proposed alternative methods

for solving nonlinear systems of equations that are combi-

nations of the nonlinear ABS methods and quasi-Newton
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methods. Another interesting class of methods has been

proposed by Kublanovskaya and Simonova [8] for esti-

mating the roots of m nonlinear coupled algebraic equa-

tions with two unknowns k and l. In their work, the

nonlinear system under consideration is described by the

equation

Fðk; lÞ ¼ ½f1ðk; lÞ; f2ðk; lÞ; . . .; fmðk; lÞ�T ¼ 0

with the function fkðk; lÞ ðk ¼ 1; 2; . . .;mÞ to be a

polynomial in the form

fkðk; lÞ ¼ ½aðkÞts lt þ � � � þ aðkÞ0s �k
s þ � � �

þ aðkÞt0 lt þ � � � þ aðkÞ00

h i

In this equation, the coefficients aij (i ¼ 0; 1; . . .; t and

j ¼ 0; 1; . . .; s) are in general complex numbers, while

s and t are the maximum degrees of polynomials in k
and l, respectively, found in F(k, l) = 0. The algorithms

proposed by Kublanovskaya and Simonova are capable

of finding the zero-dimensional roots ðk�; l�Þ, i.e. the

pairs of fixed numbers satisfying the nonlinear system, as

well as the one-dimensional roots defined as

ðk; lÞ ¼ ½uðlÞ; l� and ðk; lÞ ¼ k; ~uðkÞ½ �

whose components are functionally related.

The first method of Kublanovskaya and Simonova

consists of two stages. At the first stage, the process

passes from the system F(k, l) = 0 to the spectral prob-

lem for a pencil D(k, l) = A(l) - k B(l) of polynomial

matrices A(l) and B(l), whose zero-dimensional and one-

dimensional eigenvalues coincide with the zero-dimen-

sional and one-dimensional roots of the nonlinear system

under consideration. On the other hand, at the second

stage, the spectral problem for D(k, l) is solved, i.e. all

zero-dimensional eigenvalues of D(k, l) as well as a

regular polynomial matrix pencil whose spectrum gives

all one-dimensional eigenvalues of D(k, l) are found. The

second method is based on the factorization of F(k, l)

into irreducible factors and on the estimation of the roots

(l, k) one after the other, since the resulting polynomials

produced by this factorization are polynomials of only one

variable.

Emiris et al. [9] developed a method for the counting

and identification of the roots of a nonlinear algebraic

system based on the concept of topological degree and by

using bisection techniques (for the application of those

techniques see also [10]. A method for solving such a

system using linear programming techniques can be found

in [11], while an interesting method that uses evolutionary

algorithms is described in [12]. There are many other

methods concerning this subject; some of them are

described in [13–16].

3 Theory of nonlinear algebraic systems

According to the basic principles of the nonlinear algebra

[17], a complete nonlinear algebraic system of n polyno-

mial equations with n unknowns z ¼ ðz1; z2; . . .; znÞ is

identified completely by the number of equations n,

and their degrees ðs1; s2; . . .; snÞ, it is expressed mathe-

matically as

FiðzÞ ¼
Xn

j1;j2;...;jsi

A
j1j2...jsi
i zj1 zj2 . . .zjsi

¼ 0 ð2Þ

ði ¼ 1; 2; . . .; nÞ, and it has one nonvanishing solution (i.e.

at least one zj = 0) if and only if the equation

<s1;s2;...sn
A

j1j2...jsi
i

n o
¼ 0 ð3Þ

holds. In this equation, the function < is called the resultant

and it is a straightforward generalization of the determinant

of a linear system. The resultant < is a polynomial of the

coefficients of A of degree

ds1;s2;...;sn
¼ degA<s1;s2;...;sn

¼
Xn

i¼1

Y

j 6¼i

sj

 !

ð4Þ

When all degrees coincide, i.e. s1 ¼ s2 ¼ � � � ¼ sn ¼ s, the

resultant <n|s is reduced to a simple polynomial of degree

dnjs ¼ degA<njs ¼ nsn�1 and it is described completely by

the values of the parameters n and s. It can be proven that

the coefficients of the matrix A, which is actually a tensor

for n [ 2, are not all independent each other. More

specifically, for the simple case s1 ¼ s2 ¼ � � � ¼ sn ¼ s,

the matrix A is symmetric in the last s contravariant

indices and it contains only nMn|s independent coefficients,

with

Mnjs ¼
ðnþ s� 1Þ
ðn� 1Þ! s!

ð5Þ

An interesting description concerning the existence of

solution for a nonlinear algebraic system can be found in

[18].

Even though the notion of the resultant has been defined

for homogenous nonlinear equations, it can also describe

nonhomogenous algebraic equations as well. In the general

case, the resultant < satisfies the nonlinear Cramer rule

<s1;s2;...;sn
AðkÞðZkÞ
n o

¼ 0 ð6Þ

where Zk is the kth component of the solution of the non-

homogenous system, and A(k) is the kth column of the

coefficient matrix A.

Since in the next sections, we propose neural models for

solving the complete 2 9 2 nonlinear algebraic system, let
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us examine the special case s1 ¼ s2 ¼ s. The complete

2 9 2 nonlinear system is defined as F1(x, y) = 0 and

F2(x, y) = 0 where

F1ðx; yÞ ¼
Xs

k¼0

akxkys�k ¼ as

Ys

j¼1

ðx� kjyÞ ¼ ys ~AðtÞ ð7Þ

F2ðx; yÞ ¼
Xs

k¼0

bkxkys�k ¼ bs

Ys

j¼1

ðx� ljyÞ ¼ ys ~BðtÞ ð8Þ

with t ¼ y=x; x ¼ z1 and y = z2. The resultant of this

system has the form

< ¼ ðasbsÞs
Ys

i;j¼1

ðki � ljÞ ¼ ða0b0Þs
Ys

i;j¼1

1

lj

� 1

ki

 !

ð9Þ

(where < ¼ <2jsfF1;F2g) and it can be expressed as the

determinant of the 2s 9 2s matrix of coefficients. In the

particular case of a linear map (s = 1) where the system is

described by the linear equations

F1ðx; yÞ ¼ a0yþ a1x ¼ 0 ð10Þ
F2ðx; yÞ ¼ b0yþ b1x ¼ 0 ð11Þ

the resultant reduces to the determinant of the 2 9 2

matrix, and therefore, it has the form

<2j1fAg ¼
a1 a0

b1 b0

?
?
?
?

?
?
?
? ð12Þ

On the other hand, for s = 2 (this is the case of interest in

this project) the homogenous nonlinear algebraic system

has the form

a11x2 þ a13xyþ a12y2 ¼ 0

a21x2 þ a23xyþ a22y2 ¼ 0

with a resultant in the form

<2 ¼ <2j2fAg ¼

a11 a13 a12 0

0 a11 a13 a12

a21 a23 a22 0

0 a21 a23 a22

?
?
?
?
?
?
?
?

?
?
?
?
?
?
?
?

ð13Þ

In complete accordance with the theory of the linear

algebraic systems, the above system has a solution if

the resultant < satisfies the equation < = 0. The

nonhomogenous complete 2 9 2 nonlinear system can

be derived from the homogenous one by adding, and the

linear terms therefore has the form

a11x2 þ a13xyþ a12y2 þ a14xþ a15y ¼ a16

a21x2 þ a23xyþ a22y2 þ a24xþ a25y ¼ a26

To solve this system, we note that if (X, Y) is the desired

solution, then, the solution of the homogenous systems

a11X2 þ a14X � a16

� �
z2 þ ða13X þ a15Þyzþ a12y2 ¼ 0

a21X2 þ a24X � a26

� �
z2 þ ða23X þ a25Þyzþ a22y2 ¼ 0

and

a11x2 þ ða13Y þ a14Þxzþ a12Y2 þ a15Y � a16

� �
z2 ¼ 0

a21x2 þ ða23Y þ a24Þxzþ a22Y2 þ a25Y � a26

� �
z2 ¼ 0

has the form (z, y) = (1, Y) and (x, z) = (X, 1) for the first

and the second system, respectively. But this implies that

the corresponding resultants vanish, i.e. the X variable

satisfies the equation

a11X2 þ a14X � b1; a13X þ a15; a12; 0

0; a11X2 þ a14X � b1; a13X þ a15; a12

a21X2 þ a24X � b2; a23X þ a25; a22; 0

0; a21X2 þ a24X � b2; a23X þ a25; a22

?
?
?
?
?
?
?
?

?
?
?
?
?
?
?
?

¼ 0 ð14Þ

while the Y variable satisfies the equation

a11; a13Y þ a14; a12Y2 þ a15Y � b1; 0

0; a11; a13Y þ a14; a12Y2 þ a15Y � b1

a21; a23Y þ a24; a22Y2 þ a25Y � b2; 0

0; a21; a23Y þ a24; a22Y2 þ a25Y � b1

?
?
?
?
?
?
?
?

?
?
?
?
?
?
?
?

¼ 0 ð15Þ

(in the above equations the symbol ‘‘;’’ is used as column

separator in the tabular environment). Therefore, the vari-

ables X and Y got separated, and they can be estimated

from separate algebraic equations. However, these solu-

tions are actually correlated: the above equations are of the

4th power in X and Y, respectively, but making a choice of

one of the four X0s, one fixes associated choice of Y. Thus,

the total number of solutions for the complete 2 9 2

nonlinear algebraic system is s2 = 4.

The extension of this description for the complete 3 9 3

system and in general, for the complete n 9 n system is

straightforward. Regarding the type of the system roots—

namely, real, imaginary, or complex roots—it depends on

the values of the coefficients of the matrix A.

4 ANNs as nonlinear system solvers

Artificial neural networks (ANNs in short) have been used

among other methods for solving linear algebra problems

and simple linear systems and equations [19, 20] as well as

nonlinear equations and systems of nonlinear equations;

however, they are not used so frequent as the methods

described in the previous section, especially for the case of

nonlinear systems. Mathia and Saeks [21] used recurrent

neural networks composed of linear Hopfield networks to

solve nonlinear equations, which are approximated by a

multilayer perceptron. Mishra and Kalra [22] used a modi-

fied Hopfield network with a properly selected energy

function to solve a nonlinear algebraic system of m equations
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with n unknowns. Hopfield neural networks were also used

by Luo and Han [23] to solve a nonlinear system of equations

which in the previous stage has been transformed to a kind of

quadratic optimization. Finally, Li and Zeng [24] used the

gradient descent rule with a variable step size to solve non-

linear algebraic systems at very rapid convergence and very

high accuracy.

The main idea behind the proposed approach for solving

a nonlinear algebraic system of p equations with

p unknowns (see Margaris and Adamopoulos [25]) is to

construct a network with p output neurons, with the output

of the lth neuron ð1� ‘� pÞ to represent the value of the

left hand part of the lth equation; in this way, the real

output vector of the output layer is an estimate of the

values of the left hand part of all the system equations1.

An efficient way to construct such a network is shown in

Fig. 1a. In this figure, the proposed model is composed of

four layers, an input layer, with one linear (i.e. summation)

unit with a constant input equal to unity, a hidden layer of

linear units that generate the linear terms x and y, a hidden

layer of nonlinear (i.e. product units) that generate the

nonlinear terms x2; xy and y2 and finally, an output layer of

summation units whose total input is the expression of the

left hand side of the corresponding equation. To achieve

this goal, the synaptic weights are configured in the way

shown in the figure. It is not difficult to note that the

weights of synapses joining the neurons of the second layer

to the neurons of the third layer are fixed and equal to

unity, while the weights joining the summation and the

product units of the second and the third layer to the

neurons of the output layer have been set to the fixed values

of the coefficients of the system equations associated with

the linear and nonlinear terms provided by the neurons.

The only variable-weight synapses are the two synapses

joining the input neuron with the two linear neurons of the

first hidden layer. Since this network structure is capable of

providing an estimate of the value of the left hand part of

the system, it is clear that if it be trained using the tradi-

tional back-propagation algorithm and the fixed terms of

the system equations a16 and a26 as the desired output

vector, then, after a complete successful training, the

weights of the two variable-weight synapses will contain

the components x and y of one of the system roots.

The neural structure described earlier uses the identity

function y = f(x) = x as the activation function for all the

network neurons and it has been tested in practice for

solving typical complete nonlinear algebraic systems of

two equations with two unknowns. The neural solvers were

built using the Neuralware simulation tool and trained by

the back-propagation algorithm with a learning rate equal

to 0.7 and a momentum equal to 0.0. No bias units were

available. The average number of iterations for the network

to converge was a few thousands iterations (5,000–10,000),

and the global training error was equal to 10�7 � 10�8. An

example of complete 2 9 2 nonlinear algebraic system

solved by the network was the one defined by the equations

0:1x2 þ 0:1y2 þ 0:3xy� 0:1xþ 0:1y ¼ þ0:8

0:1x2 � 0:3y2 þ 0:2xy� 0:1x� 0:3y ¼ þ0:4

This system has four real roots, whose estimation with

the Mathematica software tool gave the values

ðx1; y1Þ ¼ ðþ12:23410;�03:82028Þ
ðx2; y2Þ ¼ ð�04:11479;þ01:29870Þ
ðx3; y3Þ ¼ ð�01:40464;�01:07718Þ
ðx4; y4Þ ¼ ðþ02:28537;þ00:59876Þ

The root of this system estimated by the neural solver was

the (x, y) = (- 1.40464, - 1.07718) and therefore the

neural network reached the third root ðx3; y3Þ. It is not

difficult to note that the estimation accuracy is very good, a

fact that was actually expected, since the global training

error of the neural network has a value of 10�7 � 10�8.

Even though the neural solver described earlier had an

excellent performance regarding the estimation accuracy, it

suffers from a strong drawback: it always reaches the same

root and therefore it has very limiting capabilities, since in

general, the nonlinear systems to be solved have many roots.

A remarkable thing is that the network converged always to the

same root, even though the initial conditions were very close to

other roots, different than the estimated one. An attempt to use

this structure to identify the period-2 fixed points of the Henon

chaotic map (see Margaris and Adamopoulos [26]) showed

that the root of the system identified by the network was

always an unstable one. This restrictive behavior of the neural

solver was attributed to the identity activation function used

for the neurons of the output layer. This identity function is a

linear one and therefore it does not perform well in the general

case of a nonlinear algebraic system.

To overcome this limitation, a nonlinear activation func-

tion was used for the neurons of the output layer; furthermore,

the network structure was redesigned from the beginning to

become more flexible and easy to be implemented. More

specifically, the following modifications performed:

• In the initial design, the neuron produced the x2 term

was a product unit with two input synapses each one of

them had an input value of x and a weight value of 1;

therefore, the total input to the neuron was estimated as

t ¼ ð1 � xÞ � ð1 � xÞ ¼ x2 and because the activation

function was the identity function f(t) = t, the output

of the neuron was estimated as m ¼ f ðtÞ jt¼x2¼ x2. In

1 The originality of this idea has to be attributed to Dr. Miltiades

Adamopoulos, an Emeritus Professor of the Technological Educa-

tional Institute of Thessaloniki.
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the new model, there is a simple linear summation unit

that gets a simple input of t = x and uses the activation

function f(t) = t2 to produce the output m = x2. The

same is true for the unit that produces the y2 term.

• In the initial design, the neurons produced the linear

and the nonlinear terms were grouped into distinct

hidden layers; a layer of two linear units producing the

terms x and y and a second hidden layer of product units

producing the nonlinear terms x2, xy, and y2. Even

though the network worked fine, in the new design the

two linear units of the second layer were duplicated to

the third layer in order to draw all the synapses between

neurons of consecutive layers as it is required by the

back-propagation algorithm. This was not the case in

the initial design where there were synapses joining

directly the linear units of the second layer with the

output units of the fourth layer. This duplication

increases a bit the degree of complexity of the network

structure, but allows the easy extraction of the weight

update equations by applying the well-known back-

propagation approach. It is clear that if a nonlinear term

is not present to the algebraic system, the associated

synaptic weights are set to the zero value.

• Finally, in order to overcome the limitation of getting

always the same root, the configuration of the output

layer has been altered accordingly. In the new model,

the fixed term of the system a16 and a26 is now

associated with the two output neurons as bias units.

The desired output vector now has only zero values,

and furthermore, the activation function of the output

neuron has been set to the hyperbolic tangent function.

The reasoning behind this new setup is that the

hyperbolic tangent of zero is equal to zero; therefore,

if the weights of the two variable-weight synapses are

equal to the components of one of the system roots, the

total input of the output units must have a zero value

and due to the use of the hyperbolic tangent function,

their outputs should be zero, too.

The adaptation of these modifications solved all the

problems caused by the original design, and the new

network model is capable of estimating all the system roots

as it is described in the next section. This new updated

structure is presented in Fig. 1b.

5 Building the back-propagation equations

Since the new version of the neural simulator is compatible

with the requirements of the back-propagation approach and

the gradient descent algorithm, the update equations of the

synaptic weights can be constructed immediately, by apply-

ing the well-known traditional approach. In the following

description, the parameter W ij denotes the synaptic weights

matrix between the neurons of the layers i and j. Based on the

network structure, these matrices are defined as

W12 ¼ W
ð1Þ
12 W

ð2Þ
12

h i
¼ x y½ �

W23 ¼
W
ð11Þ
23 W

ð12Þ
23 W

ð13Þ
23 W

ð14Þ
23 W

ð15Þ
23

W
ð21Þ
23 W

ð22Þ
23 W

ð23Þ
23 W

ð24Þ
23 W

ð25Þ
23

" #

¼
1 1 1 0 0

0 0 1 1 1

� �

W34 ¼

W
ð11Þ
34 W

ð12Þ
34

W
ð21Þ
34 W

ð22Þ
34

W
ð31Þ
34 W

ð32Þ
34

W
ð41Þ
34 W

ð42Þ
34

W
ð51Þ
34 W

ð52Þ
34

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

¼

a11 a21

a14 a24

a13 a23

a15 a25

a12 a22

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

Fig. 1 The structure of the initial (a) and the updated (b) 2 9 2 nonlinear system solver
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In the above notation, the element W
ðijÞ
k‘ denotes the weight

of the synapse that joins the ith neuron of the kth layer with

the jth neuron of the lth layer.

The representation of the input/output characteristics of

the network neurons is based on the notation m = f(t) where

t is the input to the neuron, f its activation function and m the

output produced by it. Using vector notation and the indices

2, 3 and 4 to denote the second, the third and the fourth

layer, the input vectors of the three layers are defined as

t2 ¼ t
ð1Þ
2 t

ð2Þ
2

h i
¼ x y½ �

t3 ¼ t
ð1Þ
3 t

ð2Þ
3 t

ð3Þ
3 t

ð4Þ
3 t

ð5Þ
3

h i

¼ x x xy y y½ �

t4 ¼ t
ð1Þ
4 t

ð2Þ
4

h i
¼ F1ðx; yÞ F2ðx; yÞ½ �

the neuron activation functions have the form

f 2 ¼ f
ð1Þ
2 ðtÞ f

ð2Þ
2 ðtÞ

h i
¼ t t½ �

f 3 ¼ f
ð1Þ
3 ðtÞ f

ð2Þ
3 ðtÞ f

ð3Þ
3 ðtÞ f

ð4Þ
3 ðtÞ f

ð5Þ
3 ðtÞ

h i

¼ t2 t t t t2
� 	

f 4 ¼ f
ð1Þ
4 f

ð2Þ
4

h i
¼ tanhðtÞ tanhðtÞ½ �

and the corresponding output vector are described by the

expression

m2 ¼ mð1Þ2 mð2Þ2

h i
¼ x y½ �

m3 ¼ mð1Þ3 mð2Þ3 mð3Þ3 mð4Þ3 mð5Þ3

h i

¼ x2 x xy y y2
� 	

m4 ¼ mð1Þ4 mð2Þ4

h i
¼ tanh½F1ðx; yÞ� tanh½F2ðx; yÞ�½ �

Regarding the type of the neural processing elements, all

the neurons expect the third multiplicative neuron of the

third layer that generates the term xy are typical linear (i.e.

summation) units.

5.1 Forward pass

According to the back-propagation algorithm [27], the

network input to the jth hidden neuron of some hidden

layer is given by the expression

neth
pj ¼

XN

i¼1

wh
jixpi þ #h

j ð16Þ

where wji
h is the weight of the connection from the ith input

unit, xpi is the ith component of the pth training input

vector and 0ij is the bias of the jth hidden unit (the

superscript h denotes simply a hidden unit). The output of

that unit is estimated as

ipj ¼ f h
j neth

pj

� �
ð17Þ

where fj
h is the activation function of the jth hidden unit.

This theory, based on the network structure and on the

notation introduced in the previous section, is formulated

as follows:

The input to the neurons of the second hidden layer has

the form

t
ðiÞ
2 ¼ W

ðiÞ
12 ði ¼ 1; 2Þ ð18Þ

or equivalently

t
ð1Þ
2 ¼ W

ð1Þ
12 ¼ x

t
ð2Þ
2 ¼ W

ð2Þ
12 ¼ y

while the outputs produced by them are estimated as

mðiÞ2 ¼ f
ðiÞ
2 t

ðiÞ
2

� �
ði ¼ 1; 2Þ ð19Þ

or equivalently

mð1Þ2 ¼ f
ð1Þ
2 ðxÞ ¼ x

mð2Þ2 ¼ f
ð2Þ
2 ðyÞ ¼ y

The third layer (i.e. the second hidden layer) is composed of

four summation units corresponding to the values

i = 1, 2, 4, 5 and one product unit associated with the

value i = 3. The inputs to the four summation units are

estimated as

t
ðiÞ
3 ¼

X2

j¼1

W
ðjiÞ
23 mðjÞ2 ¼ W

ð1iÞ
23 mð1Þ2 þW

ð2iÞ
23 mð2Þ2

¼ W
ð1iÞ
23 xþW

ð2iÞ
23 y ð20Þ

(for the values i = 1, 2, 4, 5) or equivalently

t
ð1Þ
3 ¼ W

ð11Þ
23 xþW

ð21Þ
23 y ¼ x

t
ð2Þ
3 ¼ W

ð12Þ
23 xþW

ð22Þ
23 y ¼ x

t
ð4Þ
3 ¼ W

ð14Þ
23 xþW

ð24Þ
23 y ¼ y

t
ð5Þ
3 ¼ W

ð15Þ
23 xþW

ð25Þ
23 y ¼ y

while the input value to the product unit has the form

t
ð3Þ
3 ¼

Y2

j¼1

W
ðj3Þ
23 mðjÞ2 ¼ W

ð13Þ
23 mð1Þ2

� �
W
ð23Þ
23 mð2Þ2

� �
¼ xy ð21Þ

The outputs of the neurons of the third layer are given by

the equations

mð1Þ3 ¼ f
ð1Þ
3 t

ð1Þ
3

� �
¼ x2 ð22Þ

mð2Þ3 ¼ f
ð2Þ
3 t

ð2Þ
3

� �
¼ x ð23Þ

mð3Þ3 ¼ f
ð3Þ
3 t

ð3Þ
3

� �
¼ xy ð24Þ
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mð4Þ3 ¼ f
ð4Þ
3 t

ð4Þ
3

� �
¼ y ð25Þ

mð5Þ3 ¼ f
ð5Þ
3 t

ð5Þ
3

� �
¼ y2 ð26Þ

Finally, the inputs to the two linear neurons of the output

layer have the form

t
ðiÞ
4 ¼

X5

j¼1

W
ðjiÞ
34 mðjÞ3 � ai6 ¼ W

ð1iÞ
34 mð1Þ3 þW

ð2iÞ
34 mð2Þ3

þW
ð3iÞ
34 mð3Þ3 þW

ð4iÞ
34 mð4Þ3 þW

ð5iÞ
34 mð5Þ3 � ai6

¼ W
ð1iÞ
34 x2 þW

ð2iÞ
34 xþW

ð3iÞ
34 xyþW

ð4iÞ
34 y

þW
ð5iÞ
34 y2 � ai6 ð27Þ

(for the values i = 1, 2) or equivalently

t
ð1Þ
4 ¼ W

ð11Þ
34 x2 þW

ð21Þ
34 xþW

ð31Þ
34 xyþW

ð41Þ
34 y

þW
ð51Þ
34 y2 � a16a11x2 þ a14xþ a13xyþ a15y

þ a12y2 � a16 ¼ F1ðx; yÞ ð28Þ

t
ð2Þ
4 ¼W

ð12Þ
34 x2þW

ð22Þ
34 xþW

ð32Þ
34 xyþW

ð42Þ
34 yþW

ð52Þ
34 y2�a26

¼ a21x2þa24xþa23xyþa25yþa22y2�a26

¼ F2ðx;yÞ ð29Þ

while the corresponding outputs are defined as

mð1Þ4 � o1 ¼ tanhðtð1Þ4 Þ ¼ tanh½F1ðx; yÞ� ð30Þ

mð2Þ4 � o2 ¼ tanhðtð2Þ4 Þ ¼ tanh½F2ðx; yÞ� ð31Þ

5.2 Backward pass: estimation of the d parameters

After the forward pass, the real output of the kth output

neuron is subtracted by the corresponding desired output to

define the quantity

dpk ¼ ypk � opk ð32Þ

and then, the d value of that neuron is estimated as

do
pk ¼ ðypk � opkÞf o0

k neto
pk

� �
¼ dpkf o0

k neto
pk

� �
ð33Þ

where neto
pk is the net input to the kth output neuron and fk

o

the activation function of that neuron. This error is then

back-propagated, and the corresponding d value of the jth

hidden neuron is estimated as

dh
pj ¼ f h0

j ðneth
pjÞ
XM

k¼1

do
pkwo

kj ð34Þ

where M is the number of output neurons and wkj
o is the

weight of the connection from the jth hidden neuron to the

kth output neuron. This equation holds for the hidden

neurons of the last hidden layer but the d values of the

intermediate hidden neurons are estimated in a similar

way.

To apply this theory to the current neural structure, we

adopt a notation similar to the one used so far; therefore,

the vectors of d parameters of the second, third and fourth

layer are denoted as

d2 ¼ dð1Þ2 dð2Þ2

h i

d3 ¼ dð1Þ3 dð2Þ3 dð3Þ3 dð4Þ3 dð5Þ3

h i

d4 ¼ dð1Þ4 dð2Þ4

h i

Starting with the output layer and keeping in mind that (a)

the real network outputs have the form

o1 ¼ tanh½F1ðx; yÞ� o2 ¼ tanh½F2ðx; yÞ�

and (b) the corresponding desired outputs have the values

d1 ¼ d2 ¼ 0 and the output neurons activation function is

the hyperbolic tangent function whose derivative is defined

as

tanh0ðxÞ ¼ dftanhðxÞg
dx

¼ 1� tanh2ðxÞ

it can be easily proven that the elements of the d4 vector are

given by the equations

dð1Þ4 ¼ ðd1 � o1Þ tanh0 tð1Þ4

� �
¼ �o1 tanh0½F1ðx; yÞ�

¼ � tanh½F1ðx; yÞ� 1� tanh2½F1ðx; yÞ�

 �

ð35Þ

dð2Þ4 ¼ ðd2 � o2Þ tanh0 tð2Þ4

� �
¼ �o2 tanh0½F2ðx; yÞ�

¼ � tanh½F2ðx; yÞ� 1� tanh2½F2ðx; yÞ�

 �

ð36Þ

In the next step, we can use the d values of the output

neurons to find the d values of the third layer neurons

through the equation

dðiÞ3 ¼
X2

j¼1

W
ðijÞ
34 dðjÞ4

 !

� f
ðiÞ0
3 t

ðiÞ
3

� �h i
ði¼ 1;2;3;4;5Þ ð37Þ

with the derivatives that appear in the above equation to be

estimated easily as f
ð1Þ0
3 t

ð1Þ
3

� �
¼ 2x, f

ð2Þ0
3 t

ð2Þ
3

� �
¼ 1,

f
ð4Þ0
3 t

ð4Þ
3

� �
¼ 1, f

ð5Þ0
3 t

ð5Þ
3

� �
¼ 2y, f

ð3Þ0x
3 t

ð3Þ
3

� �
¼ y, and

f
ð3Þ0y
3 t

ð3Þ
3

� �
¼ x, respectively. It has to be mentioned that

for the product unit of the third layer, two different

derivatives were estimated, one with respect to x and one

with respect to y. This step is necessary, since the nonlinear

term produced by this neuron is the xy term, a function of

both x and y. Using the above equations, it can be easily

proven that

dð1Þ3 ¼ W
ð11Þ
34 dð1Þ4 þW

ð12Þ
34 dð2Þ4

� �
ð2xÞ

¼ 2x a11 �f ðF1Þ 1� f 2ðF1Þ

 �� 	


þ a21 �f ðF2Þ 1� f 2ðF2Þ

 �� 	�

ð38Þ
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dð2Þ3 ¼ W
ð21Þ
34 dð1Þ4 þW

ð22Þ
34 dð2Þ4

¼ a14 �f ðF1Þ 1� f 2ðF1Þ

 �� 	

þ a24 �f ðF2Þ 1� f 2ðF2Þ

 �� 	

ð39Þ

dð3Þx3 ¼ W
ð31Þ
34 dð1Þ4 þW

ð32Þ
34 dð2Þ4

� �
ðyÞ

¼ y a13 �f ðF1Þ 1� f 2ðF1Þ

 �� 	


þ a23 �f ðF2Þ 1� f 2ðF2Þ

 �� 	�

ð40Þ

dð3Þy3 ¼ W
ð31Þ
34 dð1Þ4 þW

ð32Þ
34 dð2Þ4

� �
ðxÞ

þ x a13 �f ðF1Þ 1� f 2ðF1Þ

 �� 	


þ a23 �f ðF2Þ 1� f 2ðF2Þ

 �� 	�

ð41Þ

dð4Þ3 ¼ W
ð41Þ
34 dð1Þ4 þW

ð42Þ
34 dð2Þ4

¼ a15 �f ðF1Þ 1� f 2ðF1Þ

 �� 	

þ a25 �f ðF2Þ 1� f 2ðF2Þ

 �� 	

ð42Þ

dð5Þ3 ¼ W
ð51Þ
34 dð1Þ4 þW

ð52Þ
34 dð2Þ4

� �
ð2yÞ

¼ 2y a21 �f ðF1Þ 1� f 2ðF1Þ

 �� 	


þ a22 �f ðF2Þ 1� f 2ðF2Þ

 �� 	�

ð43Þ

where for the sake of brevity the symbols F1 and F2 were

used, instead the functions F1(x, y) and F2(x, y), as well as

the notation f(x) = tanh(x).

Finally, based on d3 vector, the delta values of the

second layer neurons can be estimated by the equation

dðiÞ2 ¼
X5

j¼1

W
ðijÞ
23 dðjÞ3

 !

� f
ðiÞ0
2 t

ðiÞ
2

� �h i
; ði ¼ 1; 2Þ ð44Þ

with the values of all the derivatives to be equal to unity

since the activation function of those two neurons is the

identity function. Using the nonzero elements of the W23

matrix as well as the partial derivatives with respect to

x and y for the corresponding neurons, their d values are

estimated as

dð1Þ2 ¼
X5

j¼1

W
ð1jÞ
23 dðjÞ3 ¼ dð1Þ3 þ dð2Þ3 þ dð3Þx3

¼ � f ðF1Þ 1� f 2ðF1Þ

 �

ð2a11xþ a13yþ a14Þ
�

þ f ðF2Þ 1� f 2ðF2Þ

 �

ð2a21xþ a23yþ a24Þ
	

ð45Þ

dð2Þ2 ¼
X5

j¼1

W
ð2jÞ
23 dðjÞ3 ¼ dð3Þy3 þ dð4Þ3 þ dð5Þ3

¼ � f ðF1Þ 1� f 2ðF1Þ

 �

ð2a21yþ a13xþ a15Þ
�

þ f ðF2Þ 1� f 2ðF2Þ

 �

ð2a22yþ a23xþ a25Þ
	

ð46Þ

By using the equations

oF1ðx; yÞ
ox

¼ 2a11xþ a13yþ a14

oF1ðx; yÞ
oy

¼ 2a12yþ a13xþ a15

oF2ðx; yÞ
ox

¼ 2a21xþ a23yþ a24

oF2ðx; yÞ
oy

¼ 2a22yþ a23xþ a25

the above relations get the form

dð1Þ2 ¼ � f ðF1Þ 1� f 2ðF1Þ

 � oF1ðx; yÞ

ox

�

þ f ðF2Þ 1� f 2ðF2Þ

 � oF2ðx; yÞ

ox

�

¼ �
X2

i¼1

f ðFiÞ 1� f 2ðFiÞ

 � oFiðx; yÞ

ox

¼
X2

i¼1

dðiÞ4

oFiðx; yÞ
ox

ð47Þ

dð2Þ2 ¼ � f ðF1Þ 1� f 2ðF1Þ

 � oF1ðx; yÞ

oy

�

þ f ðF2Þ 1� f 2ðF2Þ

 � oF2ðx; yÞ

oy

�

¼ �
X2

i¼1

f ðFiÞ 1� f 2ðFiÞ

 � oFiðx; yÞ

oy

¼
X2

i¼1

dðiÞ4

oFiðx; yÞ
oy

ð48Þ

5.3 Correcting the synaptic weights

In the last stage of the back-propagation algorithm, the

correction of the weight of the variable-weight synapses

must be performed; these weights are equal to the com-

ponents x and y of one of the system roots. According to

the back-propagation theory, the correction of the synaptic

weights is performed by an equation of the form

W
ðiÞ
12 ¼ W

ðiÞ
12 þ bdðiÞ2 ¼ W

ðiÞ
12 þ b

X2

j¼1

dðjÞ4

oFjðx; yÞ
oW

ðjÞ
12

ð49Þ

for the values i = (1,2). By noting that the mean square

training error has the form

E ¼ 1

2

X2

j¼1

ðdj � ojÞ ¼
1

2

X2

j¼1

o2
j ¼

1

2

X2

j¼1

f 2½Fjðx; yÞ� ð50Þ

it can be easily seen that
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� oE

oW
ðjÞ
12

¼
X2

j¼1

f ½Fjðx; yÞ�
of ½Fjðx; yÞ�

oW
ðjÞ
12

¼
X2

j¼1

f ½Fjðx; yÞ� 1� f 2½Fjðx; yÞ�

 �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
dðjÞ

4

oFjðx; yÞ
oW

ðjÞ
12

¼
X2

j¼1

dðjÞ4

oFjðx; yÞ
oW

ðjÞ
12

ð51Þ

and the weight update equation will get its final form

W
ðiÞ
12 ¼ W

ðiÞ
12 � b

oE

oW
ðjÞ
12

; ði ¼ 1; 2Þ ð52Þ

in full accordance with the associated equation

wh
jiðt þ 1Þ ¼ wh

jiðtÞ þ b f h0

j neth
pj

� �XM

k¼1

do
pkwkj

( )

xj ð53Þ

(in the above notation the b parameter is the learning rate;

see the book of Freeman & Skapura [27]). It is clear that in

the neural solver there is only one input with a constant

value equal to unity; furthermore, all the synaptic weights

except the ones keeping the system roots are fixed and

therefore this third stage of the back-propagation algorithm

is much simpler than the general case.

6 Experimental results

The proposed neural structure described in the previous

sections was tested by solving typical complete 2 9 2

nonlinear algebraic systems, whose roots were known in

advance, in order to evaluate the simulation accuracy. For

each system, the basin of attraction of each root was

identified together with the percentage of the initial con-

ditions associated with each root. The basin of attraction of

a root is defined as the set of points formed by the values of

the initial conditions for which the neural network con-

verged to that root; the ratio of the number of the basin

points to the total number of the tested initial condition

points multiplied by 100 gives the percentage defined

above. For each one of the estimated roots, the best sim-

ulation run with respect to the minimal iteration number

was identified, and special curves that show the variation in

the number of iterations used in each case were plotted.

The operation of the neural network was simulated in

MATLAB, and the components x and y of each root were

estimated by using recurrently the last equation and for a

learning rate value b = 0.3. The first one of the nonlinear

systems used for testing is defined by the equations

x2 þ y2 þ xyþ xþ y ¼ 44

x2 � y2 � xyþ xþ y ¼ �12

with four distinct real roots with values

ROOT 1: ðx1; y1Þ ¼ ðþ4:41870;�7:94356Þ
ROOT 2: ðx2; y2Þ ¼ ð�3:48896;þ7:31612Þ
ROOT 3: ðx3; y3Þ ¼ ð�4:92974;�3:37256Þ
ROOT 4: ðx4; y4Þ ¼ ðþ3:00000;þ4:00000Þ

as they were evaluated by solving the system in Mathem-

atica. The neural network ran 4130 times with the initial

conditions (x, y) of the two synaptic weights to vary in the

intervals �5� x� 5 and �8� y� 8 with a variation step

value ¼ Dy ¼ 0:2. For each pair (x, y), the network either

reached one of the four system roots or it was unable to

estimate one of those roots. The basin of attraction for the

four roots (namely the region of the initial conditions that

converged to each root) as well as the number of points of

that basin is depicted graphically in Fig. 2.

The experimental results associated with this system are

shown in Tables 1 and 2. Table 1 contains for each one of

the identified roots, the number of systems converged to

that root, the average number of iterations and the mean

Fig. 2 The basin of attraction

of the four system roots and the

number of points associated

with each one of them for the

regions �5� x� 5; �8� y� 8

and a variation step ¼ Dy ¼ 0:2
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square error as well as the standard deviation of those

values, and also the average value of the x and y compo-

nents for each root. On the other hand, the data of Table 2

are associated with the best run for each root, with the

criterion for the best system to be the minimum number of

iterations. The values shown for each best run are the initial

conditions (x, y), the number of iterations, the mean square

error, the x and y components of the associated root, as well

as the values of the functions F1(x, y) and F2(x, y). The

variation of the iteration number for each system root is

plotted in Fig. 3.

The second complete 2 9 2 nonlinear algebraic system

used for testing the network is defined by the equations

0:25x2 þ y2 ¼ 1

ðx� 1Þ2 þ y2 ¼ 1

and it has two distinct roots with values

ðx1; y1Þ ¼
2

3
;þ 2

3

ffiffiffi
2
p� �

¼ ð0:6666666;þ0:942809Þ

ðx2; y2Þ ¼
2

3
;� 2

3

ffiffiffi
2
p� �

¼ ð0:6666666;�0:942809Þ

as well as a double root with value

ðx3; y3Þ ¼ ð2; 0Þ

labeled as ROOT1, ROOT2 and ROOT3, respectively (see

Ko et al. [28]). In this case, the network ran 1678 times

with the synaptic weights to vary in the interval

�2� x; y� 2 and a variation step Dx ¼ Dy ¼ 0:1. The

experimental results for this nonlinear system are shown in

Tables 3 and 4 and Fig. 4.

Even though the system behaved well in finding the two

distinct roots ðx1; y1Þ and ðx2; y2Þ, major issues emerged

regarding the identification of the double root ðx3; y3Þ. For

example, the basin of attraction for this root is composed of

points of the horizontal axis only. On the other hand, the

860 initial conditions (x, y) that did not lead to a root have

shown a strange behavior. More specifically, there were

819 pairs (x, y) (a percentage of 95.232%) that converged

to the point (- 2, 0), i.e. to the mirror point of the double

root with respect to the vertical axis. These pairs corre-

spond to the values �2� x� 0 and �2� y� 2 (with a

variation step of Dx ¼ Dy ¼ 0:1) that define the basin of

attraction of this point. This is not difficult to see that the

point (- 2, 0) is a root for the first of the two equations, i.e.

the equation 0:25x2 þ y2 ¼ 1. The MSE value for all these

systems was the same and equal to 0.499329&0.5,

while the average values of the identified root compo-

nents and the functions F1 and F2 were Xaverage ¼
�1:999917746; Yaverage ¼ 0:000010783; F1ðx; yÞaverage ¼
�2:20562E � 07 and F2ðx; yÞaverage ¼ 3:999794257 � 4,

respectively (Fig. 5).

Regarding the remaining 39 (out of 860) pairs (x, y) (a

percentage of 4.534%) they correspond to the values x = 0

and �2� y� 2 (with Dy ¼ 0:1) and belong to the vertical

axis of the system. All these points lead to a system point

with coordinates (x, y) = (0. - 0.90969095) with MSE

value equal to 0.091284 and function values F1(x, y) =

- 0.172460 and F2(x, y) = 0.413769. It has to be noticed

that all the systems lead to exactly the same values and

there is no need to estimate the averages used above. It is

clear that this behavior needs further investigation.

7 Conclusions and future work

The objective of this research was the numerical estimation

of the roots of complete 2 9 2 nonlinear algebraic systems

Table 1 The experimental results for the four roots of the first algebraic system

Root no. Average iterations STDEV of iterations Average MSE STDEV of MSE Average Xroot Average Yroot

1 1,104 1755.946592 1:46E-12 1:8675E-14 ?4.418691424 -7.94355695

2 0561 0563.723188 9:72E-13 1:6079E-14 -3.489556350 ?7.31618430

3 0694 1265.226933 9:38E-13 3:6563E-14 -4.929735044 -3.37256040

4 0569 0861.438739 9:56E-13 3:7685E-14 ?2.999999929 ?3.99999943

Table 2 The experimental results for the best run for each root of the first algebraic system

Root Xinit Yinit Iterations MSE Xroot Yroot F1(X,Y) F2(X,Y)

1 ?4.2 -8.0 236 9:451E-13 ?4.41869883 -7.94356724 ?0.00000137 ?0.00000014

2 -3.2 ?7.4 248 9:524E-13 -3.48896352 ?7.31612832 ?0.00000136 ?0.00000021

3 -4.6 -3.6 099 9:752E-13 -4.92973223 -3.37255936 -0.00000137 -0.00000025

4 ?2.8 ?4.4 127 9:833E-13 ?3.00000441 ?4.00000061 ?0.00000127 ?0.00000059
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of polynomial equations using back-propagation neural

networks. The main advantage of this approach is the

simple and straightforward solution of the system, by

building a structure that simulates exactly the nonlinear

system under consideration and find its roots via the clas-

sical back-propagation approach. Depending on the posi-

tion of the initial condition used in each case, each run

converged to one of the four possible solutions or diverged

Fig. 3 The variation of the iteration number of the four roots of the first algebraic system

Table 3 The experimental results for the three roots (two distinct and one double) of the second algebraic system

Root no. Average iterations STDEV of iterations Average MSE STDEV of MSE Average Xroot Average Yroot

1 599 67.489931 9:79E-13 1:16849E-14 ?0.666667917 ?0.942808954

2 599 67.489931 9:79E-13 1:16849E-14 ?0.666667917 -0.942808954

3 049 12.989815 2:65E-13 1:50344E-14 ?1.999999152 ?0.000000000

Table 4 The experimental results for the best run for each root of the second algebraic system

Root Xinit Yinit Iterations MSE Xroot Yroot F1(X,Y) F2(X,Y)

1 ?0.7 ?1.3 345 9:845E-13 ?0.6666698 ?0.94280882 þ6:2E-07 �1:3E-07

2 ?0.7 -1.3 345 9:845E-13 ?0.6666698 -0.94280882 þ6:2E-07 �1:3E-07

3 ?1.9 ?0.0 033 7:160E-13 ?1.9000000 ?0.00000000 �8:7E-07 �8:7E-07
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to infinity; therefore, the proposed neural structure is

capable of finding all the roots of such a system, although

this cannot be done in only one step. One of the tasks

associated with the future work on this subject is to

improve or redesign the neural solver in order to find all

roots in only one run.

This research is going to be extended to cover systems

with more dimensions (as for example the 3 9 3 complete

nonlinear algebraic systems, and the general n 9 n system)

and different types of equations of nonpolynomial nature.

Special cases have to be investigated—as the case of

double roots (and in general of roots with arbitrary

Fig. 4 The basin of attraction

of the three system roots and the

number of points associated

with each one of them for the

regions �2� x; y� 5 and a

variation step Dx ¼ Dy ¼ 0:1

Fig. 5 The variation of the iteration number of the three roots of the second algebraic system
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multiplicity) and the associated theory has to be formu-

lated. Finally, this structure can be extended to cover the

case of complex roots and complex coefficients in non-

linear algebraic systems.
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